Entanglement quantification with Fisher information 
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We show that the Fisher information associated with entanglement-assisted coding has a mono- 
tonic relationship with the logarithmic negativity, an important entanglement measure, for certain 
classes of continuous variable (CV) quantum states of practical significance. These are the two-mode 
squeezed states and the non-Gaussian states obtained from them by photon subtraction. This mono- 
tonic correspondence can be expressed analytically in the case of pure states. Numerical analysis 
shows that this relationship holds to a very good approximation even in the mixed state case of the 
photon-subtracted squeezed states. The Fisher information is evaluated by the CV Bell measure- 
ment in the limit of weak signal modulation. Our results suggest that the logarithmic negativity 
of certain sets of non-Gaussian mixed states can be experimentally accessed without homodyne 
tomography, leading to significant simplification of the experimental procedure. 

PACS numbers: 03.67.Mn, 03.67.Hk, 42.50.Dv 
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Some important quantum information processing pro- 
tocols with continuous variable (CV) systems essentially 
require highly nonlinear processes beyond Gaussian op- 
erations. An important example is entanglement distilla- 
tion for a two-mode squeezed state, which is impossible 
to perform with Gaussian local operations and classical 
communication only [Jj. One promising way of realiz- 
ing such non-Gaussian operations is to use measurement- 
induced nonlinearity, such as photon subtraction from 
squeezed states with linear optics and photon counters 
[2|. The simplest such operation, which de-Gaussifies a 
single-mode squeezed state via a single photon subtrac- 
tion, has recently been demonstrated @|, where the 
photon subtraction was done using an on/off type photon 
detector, i.e. an avalanche photodiode. 

Extensions of this scheme to bipartite states enable 
one to perform entanglement distillation The pri- 
mary concern is then to quantify the degree of entangle- 
ment enhancement. Methods for quantifying the entan- 
glement of bipartite pure states have been established. 
In practice, however, imperfections are inevitable, mak- 
ing the output states mixed. For mixed states, especially 
non-Gaussian states, the evaluation of the entanglement 
is highly non-trivial. Two of the most frequently used 
measures of entanglement for mixed states are the neg- 
ativity and logarithmic negativity (LN) 0- These are 
straightforwardly calculable even for the mixed states. 
The LN was used to predict the gain of the entangle- 
ment distillation with photon subtraction in practical 
settings with on/off detectors 0. Also, in the labora- 
tory, the negativity of non-Gaussian entangled states has 
been evaluated by homodyne tomography for a particu- 
lar type of photon-subtracted squeezed state where the 
entangled state is decomposable into a product of single- 



mode states, which greatly simplifies the tomographic 
process In general, however, one needs a complete 
description of the state to compute the LN. It is a highly 
non-trivial task to reconstruct a multi-mode CV state via 
tomographic measurement without any a priori knowl- 
edge about the state (e.g. symmetry or decomposability 
of the state). 

An indirect but practical approach is to examine the in- 
crease of the performance of concrete protocols in terms 
of their associated figures of merit such as the fidelity 
of teleportation [l(J, degree of Bell inequality violation 



ll( and the mutual information of entanglement-assisted 
coding [12]. These quantities can be evaluated using a 
homodyne-based measurement, such as the Bell measure- 
ment of the conjugate pair of quadratures x and p satis- 
fying [x,p] — i/2. This measurement is easily performed 
and does not require full tomographic reconstruction of 
the entangled state. 

On the other hand, these quantities are not always 
true entanglement measures since they depend not only 
on the amount of entanglement but also on external fac- 
tors, such as the input state for teleportation, the sig- 
nal power and measurement strategy for entanglement- 
assisted coding. It might then be sensible to consider 
the limit of making these external factors as small as 
possible for assessing the intrinsic effect of entanglement. 
In particular, the close relationship between the LN and 
the mutual information of entanglement-assisted coding 
with weak modulation has been pointed out in [§]. The 
mutual information in the limit of weak signal modula- 
tion is reduced to the Fisher information which is a 
fundamental quantity in statistics [lit ]. 

This implies another operational meaning of the LN, 
in addition to the one shown in 11311. i.e., the direct rela- 
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tionship between the LN and the entanglement cost un- 
der the positive-partial-transpose-preserving operations 
for certain classes of quantum states. The latter relies on 
the asymptotic manipulation scenarios, while the Fisher 
information can be directly accessed by a simple coding 
scheme. 

In this paper, we discuss the relationship between the 
LN and the Fisher information of entanglement-assisted 
coding for important classes of CV states such as the 
two-mode squeezed states and the photon-subtracted 
squeezed states. We show that there is a direct connec- 
tion between the LN and the Fisher information for these 
states. Moreover, a similar relationship is also found for 
some entangled qubit states. 

Let us denote the two-mode squeezed state as 
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where a n = VI - A 2 A™ with < A = tanhr < 1. The 
beam C (D) is tapped off from the beam A (B) with a 
beam splitter of transmittance T = 1 — R, 

IV/abcd = V A c(0)V BB (e)\r^) AB \0) CD , (2) 

where Vij(0) = exp[6(a\aj — a^at)] is the beam splitter 

operator, and tan# = — T)/T. Then the tapped 
beam C (D) is measured by a photon detector (Fig. [T|). 
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where Llf is the POVM element corresponding to the 
event selection at the beam path k, and Pdet = 
TrABCD[|^)(ABCD)(V'l(nc ® fif))] is the success proba- 
bility of the event selection. Assuming photon number 
resolving detectors, and when single photons are simul- 
taneously detected at the beams C and D (II s = |1)(1|), 
the output state is projected onto the non-Gaussian pure 
state 
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where £ nk = (-l) fe (£) 1/2 (Vr>- fc (V#) fc , with the bino- 
mial coefficient 
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The LN [7[ of a quantum state p is defined by EV = 
log 2 ||/5 PT ||, where || • || denotes the trace norm, and PT 
means the partially transposition operation. For the pure 
state |x)ab = E n c n| n )A|")B, in particular, the LN is ex- 
pressed as Ejv(\x)) — 21og 2 (^ n c„). For the two-mode 
squeezed state ([1} and non-Gaussian pure state 
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In the limit as T — > 1, 

Gaussian state IV'ng) a l wavs nas higher entanglement, as 
quantified by the LN, than that of the two-mode squeezed 
state because A^ N — > 1. 

Let us now introduce the scheme for entanglement- 
assisted coding shown in Fig. [2] [8, 12]. Initially, the 
sender Alice and the receiver Bob share an entangled 
state p AB - Alice then encodes the quaternary phase- 
shift keyed (QPSK) signals {ak} with equal likelihood 
P{a>k) = 1/4 by the displacement operation on the beam 
A, D A [(x s +ip s )/V2\, with x s = ±V2/3 andp s = ±V20, 
where f3 is the signal amplitude. Bob decodes the signals 
by the CV Bell measurement |II(x,p))ab an d the qua- 
ternary decision on the measurement result (x,p) into 
an appropriate quadrant Qi corresponding to the output 
6;. The channel matrix is given by Pg^g(bi\ak) = 
JJ Qi dxdpP(x,p\x k ,p k ), where P(x,p\x s ,p s ) = 

AB(n(x,p)|J7 A (a; s ,p ;s )/5A E B^ r A( a; s,p s )|n(a;,p))AB is the 
conditional probability. 




FIG. 1: Measurement-induced non-Gaussian operation on the 
two-mode squeezed state. 
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FIG. 2: Entanglement-assisted coding channel of QPSK. 
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The mutual information is denned by 
7 /3 (A;B) = ^P( a )^p( ch) (%)log 2 J ; 
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where P(b) 
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Using the Fisher information for a parameter (3' [if 
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and taking the symmetry of the channel into account, we 
obtain 
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For the two-mode squeezed state ([T]) and the non- 
Gaussian pure state ([!]), the Fisher informations are 
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respectively. With Eqs. © and ([7]), we obtain 



E 



SQ _ 



where 



/(AT) 



log; 



?rln2 



8 



-J, 



SQ 



log 2 /(AT) 



7rln2 



-NG 



16(1 + AT) 2 (1 + A 2 T 2 ) 
(3A 2 T 2 + 4AT + 4) 2 : 



(13) 
(14) 

(15) 
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which is very close to unity for < AT < 1. In Fig. [31 



indicated. In particular, for < AT < 0.8, the differ- 
ence of /(AT) from unity is within ±2%, showing that 
Eq. (fT5"]) and Eq. (flU]) are almost identical relations in a 
good approximation. Thus the Fisher information of the 
entanglement-assisted coding has monotonic correspon- 
dence with the LN for the two-mode squeezed states and 
the photon-subtracted squeezed states. 

We then consider a more practical situation, where the 
photon subtraction is made by on/off type photon detec- 
tors, which is described by the set of POVM elements 
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FIG. 3: Correlation between the Fisher information and log- 
arithmic negativity for the two-mode squeezed states (solid 
line) and the photon-subtracted squeezed states (points) in 
various levels of a parameter AT (the combination of squeez- 
ing degree and beam splitter transmittance) . 



{n(° ff ) = |0)(0|,n> n ) = i - |0)(0|}. In this case the gen- 
erated state conditioned by the 'on' signal is generally a 
mixed state, as described by 
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where |$y) A B = £^ max {i,j} a n£m£nj\n - i) A \n - j) B 
and 



A 2 (1-T) 2 (1 + A 2 T) 
(1- A 2 T)(1-A 2 T 2 )' 



(19) 



As the transmittance of tapping beam splitter get 
smaller, the mixedness of output state increases. The 
figure|3]illustrates the relationship between the Fisher in- 
formation and LN for the photon-subtracted mixed states 
with various values of the transmittance. Here, the LN 
is calculated numerically using the methods described in 
[8j. We see here that, even for the mixed state cases, the 
same relation as Eq. (fT5)) holds in a fairly good approx- 
imation. The accuracy of this approximation is within 
±2% for < AT < 0.8, which is sufficient to verify the 
entanglement enhancement via the measurement-induced 
non-Gaussian operation. For A = 0.4, for example, the 
Fisher information with the two-mode squeezed state is 



the correlation between J? G and E^P for various AT is J ( 



SQ 



.572, and those of non-Gaussian pure and mixed 



states of photon-subtracted squeezed states with T = 0.9, 



are J, 



NG(P) _ 



12.992 and J, 



NG(M) _ 



12.153, respectively. 



The degrees of improvement are 51.6% and 41.8%, re- 
spectively, which are much greater than the accuracy of 
the approximation. 

We finally show that the entanglement evaluation with 
the Fisher information is applicable to other entangled 
states. An interesting example is entangled photon- 
number-qubit state such as /5 qu bit = + (1 ~ 

i)[|c | 2 |0)(0| ® |1>(1| + | Cl | 2 |l)(l| ® |0)(0|], where |£) = 
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FIG. 4: Correlation between the Fisher information and log- 
arithmic negativity for the two-mode squeezed state (solid 
line) and non-Gaussian mixed states of photon-subtracted 
squeezed state (variety of points). 



Co |0) 1 1) + ci|l)|0) and the parameter < t < 1 indicates 
its mixcdncss. The coefficients satisfy M 2 + |ci| 2 = i 
and ci has the relative argument 4> to cq. Applying such 
a state to our entanglement-assisted coding scheme, the 
conditional probability Pq U bit(x,p\x s ,p s ) is obtained as a 
function of i|crj||ci| and <f>, and so is the Fisher informa- 



tion J, 



qubit 







The dependency on <f> is caused by our spe- 
cific choice of QPSK encoding, and averaging Jg Ublt with 
respect to <j> removes its arbitrariness. The average Fisher 

Tqubit l r2"7r 



2 

only. 



is now a function 
On the other hand, the LN 
2t|co||ci|). 

ubit 



information Jq 
of the unit t|co||ci 

for /5qubit is evaluated with Eff hlt = log 2 (l 4 
Therefore, it is also the case here that Jq U 1 and Ey- 
are directly related, although this is a different relation- 
ship from that expressed by Eqs. (fT5|) and (fl"6j) . 

For the other entangled photon-number-qubit states 
such as = cfj|0)|0) + 1 1} 1 1} and their associated 
mixed states, one cannot find the one-to-one correspon- 
dence between the Fisher information and the LN any 
longer in our scheme. However, can be transformed 
into |£) with the local flipping of 1. This operation 
can, with current technology, be performed unitarily to 
arbitrarily high accuracy and thus in a way which pre- 
serves entanglement 3, 17 1. This means that, by mod- 



ifying the decoding strategy, inserting the flipping op- 
eration, the Fisher information can turn to work again. 
These two examples imply that, under a suitable encod- 
ing and decoding strategy, the correspondence between 
the Fisher information and the LN might always appear 
for arbitrary bipartite entangled state. 

In this paper, we showed a direct relationship between 
the logarithmic negativity and the Fisher information of 



the entanglement-assisted coding for important classes 
of CV states, i.e. the two-mode squeezed states and the 
photon-subtracted squeezed states, and also entangled 
qubit states. This is the first observation of direct connec- 
tions between the logarithmic negativity and the Fisher 
information, and we have found that they hold for a wide 
class of bipartite entangled states. It is an important fu- 
ture goal to generalize this to a wider class of states by 
optimizing the encoding and decoding strategies. 
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